This letter solves the robust hybrid output regulation problem for uncertain hybrid MIMO linear systems with periodic jumps without assuming any a priori structural decomposition on the considered plant (as in the semi-classical case). A necessary condition for solving the problem is that the regulator must incorporate an internal model of the flow zero-dynamics, which is typically affected by uncertainties and then unknown. Hence, the proposed regulator consists of three units: a data-driven estimator of the flow zero-dynamics, a flow internal model in charge of achieving regulation during flows, including also the (estimated) modes of the uncertain flow zero-dynamics, and a jump internal model in charge of imposing a suitable reset of the state at each jump. Index Terms-Output regulation, hybrid linear systems, periodic jumps, flow zero-dynamics internal model principle.
I. INTRODUCTION
T HE CLASSIC problem of output regulation, which includes as special cases the problems of reference tracking and disturbance rejection when references/disturbances are deterministically generated by an exogenous system, is one of the key problems in control theory, perhaps second just to the stabilization task. For this reason a lot of efforts has been devoted to solve this problem, starting from the classic linear time invariant (LTI) setting considered in [1] , [2] , [3] , and then considering the nonlinear setting [4] , [5] , [6] , the use of adaptive or data driven mechanisms to estimate the exosystem's frequencies [7] , [8] , [9] , the realization using an external (as opposed to internal) device still satisfying the internal model principle [10] , [11] , [12] , [13] , [14] , and contributions considering other structural features or constraints, like saturations on inputs and outputs [15] or overactuation [16] , [17] , [18] , [19] .
In comparison with the above listed developments, the extension of output regulation theory to the case of hybrid systems has turned out to be more problematic. Among the early works, contributions related to tracking in mechanical systems subject to impacts (see, e.g., [20] , [21] , [22] , [23] and references therein) have evidenced that, when considering hybrid systems whose jumps are state driven, even if the underlying flow and jump dynamics are linear, the resulting hybrid dynamics is strongly nonlinear, and the derivation of sufficiently general and elegant results is very difficult. Based on such evidence, the paper [24] introduced a simpler hybrid output regulation problem with time driven (and periodic) jumps, later studied in several papers including [25] , [26] , [27] , [28] , [29] ; as is easy to see, if the underlying flow and jump dynamics are linear and the jumps are time driven, linearity is preserved and the corresponding output regulation problem is amenable to an essentially linear analysis, parallel to classic results as in [1] , [2] . In particular, [29] provided a structural interpretation of the results in [24] , [25] , showing that the internal model unit needs to be able to emulate not just the exosystem's dynamics, but also additional modes related to the flow zero-dynamics (the flow zero-dynamics internal model principle). Such principle implies that, since the flow zero-dynamics is affected by plant uncertainties in general and must be considered unknown, regulation cannot be generically achieved by classic regulators unless special assumptions are made (as in [25] ). The main contribution of this letter, inspired by the non hybrid output regulation results in [8] , [14] , [30] , is to provide for the first time the solution of the robust hybrid output regulation problem in its generality, in the form of a data driven algorithm that tunes a regulator (based on a nominal description of the plant) in order to properly operate on the actual plant under control. This letter is organized as follows: Section II establishes some preliminaries and the problem statement; the design of the proposed regulator is detailed in Section III; a numerical example showing the effectiveness of the proposed approach is presented in Section IV; finally, some conclusions are provided in Section V. An Appendix provides some details on the construction of a hybrid output feedback, observer-based stabilizer.
Notation: For a square matrix M, (M) denotes its spectrum (the set of its eigenvalues). C g represents the set of complex number with modulus less than one. The Kronecker product is denoted by ⊗, whereas A ⊕ B represents the direct sum of the two subsets A and B.
II. PRELIMINARIES AND PROBLEM STATEMENT
This letter focuses on the output regulation problem for a class of hybrid system, introduced in [24] , [25] , whose dynamics exhibit periodic jumps separated by a flow interval of known length τ M > 0. As usual, two time variables (t, k) are used, where t measures the flow of time and k counts the number of jumps. In our scenario, admissible values of (t, k) belong to a hybrid time domain having the form:
Whenever the value of (t, k) is clear from the context, we consider the short-hand notations:
As discussed also in [31] , for a class of systems of the forṁ
with time domain T , global exponential stability (GES) can be assessed by a simple test on the eigenvalues of the monodromy matrixẼ a := E a e A a τ M . Moreover, since eigenvalues depend continuously on the elements ofẼ a , GES of (2) implies GES also of the systems obtained considering small enough perturbations of (E a , A a ).
Consider the LTI hybrid plant Ṗ
where x ∈ R n , u ∈ R m and e ∈ R p represent the state, the input and the output of P respectively; w ∈ R q acts as an exogenous input and represents the state of an exosystem Ė w = Sw, w + = Jw.
Note that, the flows and jumps of (3) and (4) are governed by the time domain T , however the time arguments are neglected since they are univocally derived from T . The following assumption defines the class of models considered in this letter. Assumption 1: The plant P is over-actuated, namely m > p, and rank (B) = m and rank (C) = p. Moreover,J := Je Sτ M is semi-simple and (J) ∩ C g = ∅.
Remark 1: The full-rank conditions on B and C are introduced to rule out trivialities. While m ≥ p is a well-know necessary requirement for output regulation in the presence of purely continuous-time systems, it has been shown in [29] that a prerequisite for output regulation robust to unstructured perturbation for the class of systems (3) governed by (1) consists in possessing strictly more inputs than outputs, namely m > p. AssumingJ to be semi-simple means that all its Jordan blocks have dimension one. In addition, requiring that (J) ∩ C g = ∅ implies that no signal generated by (4) for non-zero initial states asymptotically converges to zero.
A. Problem Definition
The main objective of this letter consists in presenting a solution to the hybrid output regulation problem even if the underlying plant P in (3) is described by an uncertain plant with a (known) nominal description P 0 . In particular, denoting with (A 0 , B 0 , P 0 , C 0 , Q 0 , E 0 ) the state space characterization of P 0 and letting ( A, B, P, C, Q, E) be the possible perturbations affecting each matrix of P 0 , namely the matrices in (3) are given by A = A 0 + A . . . , we suppose that the plant P belongs to a family F ε of admissible plants with ε > 0 such that || || ∞ < ε, ∈ { A, . . . , E}.
Problem 1: Consider a nominal plant description P 0 of an unknown plant P as in (3) and let the exosystem E as in (4) be known. Then, under Assumption 1, find a data-driven tuning algorithm for the error-feedback regulator :
ensuring, for some sufficiently small ε > 0 and for any P ∈ F ε , that • (GES) the interconnection of (3) and (5) with w ≡ 0 is globally exponentially stable; • (OR) lim t+k→∞ e(t, k) = 0 for all admissible initial states of the interconnected system (3), (4), (5) . • Remark 2: A similar formulation of Problem 1 (without the request for a tuning algorithm) is given in [31] , where, however, it is assumed that the nominal matrices A 0 , B 0 , . . ., and the perturbations A, B, . . ., possess a specially structured partition such that the flow zero-dynamics internal model principle discussed in [29] is trivially satisfied. This structural assumption, namely of dealing only with systems in semiclassical form (see [29] ) has deep implications on the structure of the internal model units: robust output regulation can be achieved by incorporating only a copy of the modes of S and J, and then there is no need for a tuning algorithm. In this letter we remove such structural assumption and solve the problem for general non-semiclassical systems.
B. A Useful Decomposition
As introduced in [16] , [29] , there exists a coordinate change in the input, state and output spaces that, combined with a preliminary state feedback, is such to decompose a plant of the form in (3) in two subsystems which evolve separately during flows and are coupled at jumps. The construction in [16] is recalled here for clarity and completeness.
Let V ⊂ R n be the subspace of states for which there exists an input function such that the output error (3b) remains identically zero for all times. Let R ⊂ R n be the subspace of states for which there exists an input function steering the state of (3a) to zero in finite time while keeping the output identically zero. Define ρ := dim(R ) and ν :
Choose the matrix T ∈ R n×n as an invertible matrix whose first ρ columns span R and whose first ν columns span V . The preliminary state feedback control law is characterized by two main components: the invertible matrix G := G 1 G 2 ∈ R m×m , with the columns of G 1 chosen as a basis for the subspace of all vectors which, multiplied by B, yield elements of R ; the matrix F V defined such to satisfy the controlled invariance condition (A + BF V )V ⊂ V . Then, applying the coordinate change
and the regular feedback transformation
to a plant of the form in (3), the dynamics of such plant in the transformed coordinates are described bẏ
Remark 3: By definition, the pair (Ā F  11 ,B 11 ) is controllable, hence the spectrum ofĀ F 11 can be arbitrary assigned by an appropriate selection of F V as described in [32] . Conversely, (Ā F 22 ) cannot be assigned by F V and it coincides with the set of invariant zeros of the plant (3).
C. Structural Conditions for Output Regulation
The solvability of Problem 1 for a plant having the structure of (8) is discussed in [31] . In particular, if only error measurements are available, the output regulation problem is solvable for a given family F ε if and only if, ∀P ∈ F ε : a h ) The plant (8) is stabilizable and detectable, namely
where
The following non-resonance conditions hold:
22
, 0} and n 3 is the dimension ofĀ F 33 . It can be shown that the following property holds.
Proposition 1: Suppose that conditions (9) hold for P 0 . Then there existsε > 0 such that any P ∈ F ε with ε ∈ (0,ε) satisfies (9) .
As a consequence, the following assumption can be considered towards the solution of Problem 1.
Assumption 2: The nominal plant P 0 satisfies (9). Remark 4: The conditions (9) are formulated for a system of the form proposed in (8) for simplicity. Nonetheless, it can be easily shown that P 0 in (3) satisfies such conditions if and only if the plant transformed via (6), (7) satisfies (9).
III. HYBRID REGULATOR
As pointed out in [31] , under Assumptions 1 and 2, a regulator 0 of the form proposed in (5) can be designed, based only on the knowledge of the exosystem and of the nominal description P 0 , to guarantee (OR) in Problem 1 for all plants P ∈ F ε , with ε ≤ε, for which global exponential stability is preserved once it is connected in closed loop with 0 .
Such regulator consists of two components: the so called heart of the hybrid regulator, whose role is to solve a classic purely continuous-time output regulation problem associated to the system (Ā F 33 ,B 32 ,C 3 , 0) with exogenous input w entering through matricesP 3 and Q; an internal model unit that takes care of an auxiliary regulation problem at jumps. In particular, in such design is stressed the fact that the former unit must contain a copy of the modes of S and of the flow-zerodynamics while the latter must incorporate a copy of those ofJ.
Remark 5: In [29] , the plant is assumed to belong to the class of systems described by (8) that satisfy (9) ; hence, in [29] it is not required to include the termF V z in (7), the construction of the heart of the regulator can be carried out only relying on information about the exosystem that is assumed precisely known. Here, instead, due to the generic presence of the termF V z in (7), a solution to Problem 1 requires having a precise knowledge not only of the exosystem E but also of the dynamics ofĀ F 11 andĀ F 22 . However, while the former is tipically assumed given, the latter are in general affected by uncertainty. Therefore, an identification procedure becomes necessary.
A. Identification of the Flow Zero-Dynamics
Consider the uncertain system (3), (4) and suppose that the pair (A, C) is observable. By defining a zero-order-hold (ZOH) with sampling time τ , the following discrete-time description
with i ∈ N, can be obtained where C D = C 0 and
Let [1, añ −1 , . . . , a 0 ], whereñ = n + q, be the coefficients of the characteristic polynomial of A D , then the dynamics of 10 are immersed in those of a system described by
A straightforward implication of the dynamics 10 is that −1] ] are a collection ofñ consecutive measurements of the inputs and the outputs. At the same time, defining a := [a 0 , . . . , añ −1 ] , provided the input is kept equal to zero, equation (10) and (13) can be combined to obtain that
whereȲ ] ]. Therefore, imposing u [h] = 0 for h = 0, . . . , 2ñ − 1, equation (14) can be recursively exploited to conclude that
with Y = − Ȳ [0] , . . . ,Ȳ [ñ−1] including a collection of previous measurements.
Proposition 2: If the matrix Y in (15) is full row rank, then
where Y † is the Moore-Penrose pseudo inverse of Y. Remark 6: Since this letter borrows the standard assumptions of the output regulation literature, the output measurements of (3) are not corrupted by noise; hence, the (pseudo) inversion in Proposition 2 provides the exact values of the unknown parameters. In practice, as in classic output regulation, the presence of small measurement noise (or numerical errors due to finite precision computations) implies that output regulation is achieved in a practical sense (small regulation errors arise for sufficiently small noise and computational errors). A sensitivity analysis of the proposed approach will be the topic of future work.
Knowing ] , each column of the matrix B O can be calculated imposing m(ñp + 1) consecutive samples of the input equal to I m ⊗ U 0 , with U 0 = [1, 0, . . . , 0] ∈ Rñ p+1 and exploiting the fact that
Once a discrete time estimation of the considered system (3), (4) has been obtained, the corresponding continuous time estimation can be obtained inverting Algorithm 1 Design of I F (see Fig. 2 
)
Assume to have reconstructed the matricesĀ F 11 ,Ā F 22 via the data-driven algorithm discussed in Section III-A. Let μ h (s) be the minimal polynomial of blkdiag (Ā F 11 ,Ā F 22 , S) , and define n h := deg(μ h (s)) . Let A F0 ∈ R n h ×n h be the lower companion matrix with det(sI − A F0 ) = μ h (s) and C F0 = [1 0 . . . 0] ∈ R 1×n h . Define I F according tȯ
where relations (11) . At this point, through the procedure described in Section II-B, the matrices T, G and F V can be computed in order to define the change of coordinates (6) and the state feedback law (7) yielding a description of the continuous time evolution of (3) as in (8a) and (8b). Using such a description of the estimated cascade of plant P and exosystem E, the eigenvalues of the estimated matricesĀ F 11 ,Ā F 22 are easily obtained and used in the construction of the heart of the regulator's unit.
B. Regulator Design
As shown in Fig. 1 , the proposed regulator is composed of two main dynamical blocks: an "internal model" I M and a dynamic stabilizer K. The internal model is composed by a jump internal model I J and a flow internal model I F interconnected as in Fig. 2 . In turn, the dynamic stabilizer K is made-up by a discrete-time controller K D with a discrete-time observer O D , both designed on the same step size time, whose task consists in stabilizing the system in Fig. 1. 1) The Internal Model I M : The jump internal model I J has to be designed to provide at each period the correct initialization of P and I F such to ensure e(t, k) = 0 for all (t, k) with t ∈ [t k , t k+1 ]. To that end, the jump internal model must contain m 1 + n F independent copies of the dynamics of the exosystem, where m 1 is the size of the plant input that acts through the first block column ofB in (8) , while n F represents the dimensions of I F . 
where A J = I m 1 +n F ⊗ S , E J = I m 1 +n F ⊗ J and C J = I m 1 +n F ⊗ C J0 = C J1 C J2 with C J1 ∈ R m 1 ×n J , C J2 ∈ R (m−m 1 )×n J and n J = (m 1 + n F )q .
2) The Stabilizer K: The design of an output feedback stabilizer for the interconnection, as in Fig. 1 , of the plant P and the internal model I M is now addressed.
In particular, assuming to apply the coordinate change (6), such interconnection has the following forṁ
Since P is stabilizable and detectable (by Assumption 2), it can be shown that also the system in (18) is stabilizable and detectable, and then an output feedback stabilizer can be designed (as described in the Appendix) in order to stabilize the system (18) with w ≡ 0. 
IV. EXAMPLE

V. CONCLUSION
This letter proposes the first general solution to the robust hybrid output regulation problem for the class of systems proposed in [24] , thus removing the restrictive structural assumptions exploited in all previous contributions on the subject. Future work will deal with the development of alternative solutions, possibly including more efficient adaptation schemes or some form of optimality, e.g., in the LQR sense along the lines in [33] , [34] . APPENDIX Consider the system described by [h] , for h ∈ {0, . . . ,n − 1} η + [n] = E D η [n] y [h] = C D η [h] , for h ∈ {0, . . . ,n} (19) where η ∈ Rn, obtained by discretizing system (18) with w ≡ 0 and sample time equal to τ M /n.
A. Discrete-Time Observer
A straightforward implication of (19) is that 
B. Discrete-Time Stabilizer
By the structure of (19), 
